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Abstract

Using the Nagy-Foias functional model for contractions we reduce the spectral
problem for Wiener-Hopf Operators with rational symbols to the spectral problem
for finite matrices. In particular we suggest a simple approach to calculation of
Wiener-Hopf determinants for analytic symbols.

1 Introduction

In [10] the general approach for asymptotic calculation of classical Szego-Kac deter-
minants [1, 2, 6] was proposed. This approach permits investigation of the asymp-
totics of the Fredholm determinants of the Wiener-Hopf operator T, defined on the
finite interval (0, a) as a reduction of integral operator with difference kernel:

T=Tu(9): L20,a) — Ls(0,a)
u(z)  — u(@)+ [ g(z — s)u(s)ds.

More specifically (see [11]), the asymptotics as a — oo can be calculated provided
the symbol o = 1+ [ e**$g(s)ds possesses real roots. In [13], an elegant description
is given for the oscillating terms in the asymptotics, in the special case that the
symbol has only two real roots. Recovering similar asymptotics in the more general
case of matrix integral operators (see for instance [8, 9]), requires a more direct and
general approach to the problem, which can be supplied by the Lax-Phillips version
of analytic semigroup theory suggested first in [4] for scattering problems. This
approach is equivalent [5], to the construction of functional models of dissipative
operators [7].

In this paper we consider Wiener-Hopf operators on the finite interval (0,a)
whose symbols ¢ are analytic in the upper half plane or rational functions. In the
first case a straightforward procedure based on the Functional Model for calculating
the determinant of the operator is suggested. In the second case we just reduce the
spectral problem for Wiener- Hopf Operator to the similar problem for a finite
matrix . Our approach can be considered as an alternative to the classical approach
by Gohberg ,which differs from the prototype [12] in two respects : our simple
geometric mechanics remains practically unchanged (but just more boresome) for
matrix case and it is applicable to similar problems on multiconnected domains.
These interesting subjects will be discussed soon elswhere.



2 Determinants of Wiener-Hopf operators with
analytic symbols — sketch of the plan and the
headlights.

Let T be the above Wiener-Hopf operator, and set p = ¢ — 1 = F*g, where F*
is the inverse Fourier transform. (The operator of multiplication by o will also be
denoted by o — the meaning is always clear from the context). Our approach to the
calculation of the determinant of 7" is based on the fact that 7" can be approximated
by some other operators W whose eigenvalues are known exactly.

Recall that the inverse Fourier transform F* maps L[0, 00| unitarily to the
Hardy space Hy of the upper half plane'. Further, F*(Ls[0,a]) = Hy © e*@H
and of course the convolution operator becomes the multiplication operator. So
denoting H;' o eikaH; by K,, and writing P, for orthogonal projection H2+ — K,
we see that 7" is unitarily equivalent to W = W, (o) = P,0P,. In other words, we
have reduced our original problem to the calculation of

det (P, P,). (*)

The exponential €’*® is a singular function, so we can find a sequence of Blaschke
products tending uniformly to it on the upper half plane. A good choice turns out
to be . 5
et — e~
Hﬁ(k) = 1 _ gikag—B°

which does indeed tend uniformly (on the upper half plane) to ¢*¢ as f — oc.
It’s convenient to note here that the zeroes of IIg(k) occur at the points k; =
2rl/a+if/a, |l € Z.

Let Kg = Hy ©llgH; , and Pg = orthogonal projection Hy — Kg. We consider
the operator

Wpg = PgoPg

as an approximation for W, because in a sense to be made precise later, Kg — K,
and P3 — P, as 3 — co. The idea is that instead of (*), we can use

Jim det (PyorP). (4)

provided that the Wy approximate W well enough. But the whole point of this
approach is that the operator PgoPg turns out to have a remarkably simple form,
provided the function o is analytic in the upper half plane: its eigenvectors form
a complete set (and even a Riesz basis) in K3, and the eigenvalues are just o(k;).
This fact immediately gives an explicit expression for (}).

The straightforward plan outlined here meets some minor obstacles, such as the
fact that the operators W and Wy are close in operator norm but not in trace norm.
Therefore we need an intermediate operator, which is similar 2 to W3 (and there-
fore has the same determinant), but close to W in trace norm. This intermediate
operator will be constructed as the image of W3 under the multiplication operator
of an entire function fg, which is bounded and invertible as an operator in Ly(R).
In summary, the plan is realised as the following chain of statements, which sketch
the way of using Semigroup Theory (or the functional calculus for shift operators)
for calculating Szego-Kac determinants.

L An excellent reference to material on Hardy spaces and Blaschke products is [3]
%In the technical sense, i.e. equal to AWz A~! for some A.
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3 Proof of the main theorem

In all the following results, a > 0 and 8 > 1. We first state a well-known result
from the theory of semigroups.

Proposition 1 Let Iz be the family of Blaschke products

6ik:a _ e—ﬁ

approaching the singular function €*® = 0, uniformly in upper half plane as 3 — co.
Consider the generators Bg of the contracting semigroup
Z5(t) = Pge™ Py = e'Pst, t > 0,
which arises as a compression of the shift group onto the coinvariant subspaces
K= H} ollgH?.
Then the Bg are simple dissipative operators, with eigenfunctions given by

_ 1Ig(k)

- leZ
E—k S

Yi(k)

and corresponding eigenvalues k; = 2wl/a + i3/a.

Proof: This is a well-known result, but we provide a proof here for completeness.
Denote by (-, -) the standard inner product on Ly(R) (and inherited by H.).

First observe that klz—il € Kg, since for any g € H; we have

11 g w—
(i gllp) = [, aTlog di
— <k+kl’g> as Hgﬁg = 1 on real axis
= 0 as g € Hy and _k—lkl € Hy

So to prove v is an eigenvector with eigenvalue k;, it remains to show that

‘ . I
P ezkt o elklt 8 :| =0.
o {( ey
But this is equivalent to (e — eiklt)i—il € HgH, , or eli%zklt € H, which is
obviously true since t > 0. |

A similar statement is valid for the systems of eigenvectors of the adjoint oper-

ators Bj. Actually in this case the eigenvectors conveniently coincide with the H

reproducing kernels: ¢;(k) = k%—q In other words, we have,

Proposition 2 The eigenvectors of BE are

with eigenvalues k; = 2rl — if3.



Proof: We need only check that {¢;} and {1} are biorthogonal sets. To do this we
need a simple result stating the reproducing kernel for H, :

Let ¢ € upper half plane, and f € Hy". Then (f, k%é> = 2mif(c). (The proof of
this result is simple: close the contour in the upper half plane after using the fact
that k& = k on the real axis.)

So if 1 m, (Y1, pm) = 2mi 25 = 0. And if { = m, (1, 01) = 27 [ 4 (kim
k) # 0 as an infinite Blaschke product converges to a non-zero complex number
except at zeroes of its factors. |

We also have the following fact which will be crucial for our proofs later on.
Proposition 3 The sets {p;} and {1;} both form Riesz bases® for the subspace Kpg.

Proof: Since we showed in Proposition 2 that {¢;} and {1;} are biorthogonal sets,
it will be enough to show this for the {¢;} only.

First we show the {¢;} are complete in K3. So suppose f € Kg, and (f, k%,—ﬂ) =
0, each | € Z. Then by the result used in the proof of Proposition 2 , f(k;) = 0 for
alll € Z. So f € gHy . But f € Kg, hence f = 0.

Finally we show the complete set ¢; is in fact a Riesz basis. Fortunately, this
problem was solved for us many years ago by Carleson [21, 15], in the context of
interpolation by analytic functions. The well-known Carleson condition states that
the family {¢;} is a Riesz basis # iff

w11 ‘—‘

A quick calculation shows that this condition holds for our set {¢;}. [
In the next theorem we describe an important automorphism of Lo(R) which

maps Kg to K.

Theorem 4 Write 0(k) = ¢*, and let fz(k) be the entire function of exponential
type defined by

fa(k) =1 — e Petkae,
Then the multiplication operator u v fgu is a bounded and invertible operator
on Lo(R), transforming the orthogonal sum

Ly(R) = H? @ Kg ® IgH?

mto the direct sum
Ms0H? + K, +gH7,

where K, = H_2~_ ) HH_%_ is a cotnvariant subspace of the shift group corresponding to
the singular function 6. The entire functions

= fa @

form a Riesz basis in K, for each 5 > 1.

3By a Riesz basis, we mean a basis obtained from an orthonormal basis by an invertible, bounded,
linear transformation.

4Actually, the Carleson condition guarantees only that we have a so-called unconditional basis. A
Riesz basis must also satisfy inf ||| > 0 and sup||¢;|| < oo, but these conditions are clearly fulfilled
here.



Proof: Recall that a > 0 and 8 > 1 — we will use this fact repeatedly without
mentioning it. Multiplication by fz is clearly bounded and invertible since 1 —
e B < fol <1+ e P on the real axis. We check each component of the claimed
transformation separately.

1st component: To see fgH; C II30H; , suppose g € Hy . Then

fog = (1 —ePet)g =T0(1 — e Pe™*)g € TT50H, .

To see fglﬂ_ﬁeH; C H, , suppose again that g € H, . Then

1 _
T o kag 59 € Hy .

5 ' gy =
2nd component: 'To see Kg fi K, is a bijection, it will be enough (by Propo-
sition 1) to show that {fs¢i},c, is a complete set for K,. First we claim that
fapr € Ka:
1 — e Petka
A

which is clearly in H, so suppose g € H, . Then

1 — e Beika
,9 — _ 7 ika
(fae1,09) <4k o g>
efika _ efﬁ
=\ Taow
=0
as " 5
e " — e~
——— € H,.
k—k 2

It’s entire function , with decreasing modulus as 3k — —oo, whereas g € H2+ .

So we have shown fgg; € K4; now we need to show {fgy;} is complete in K,.
Actually, it will be more convenient to show {67! fz¢;} is complete in 6~ K, which
amounts to the same thing since 6 is unitary. Note® that 671K, = Hy Se **H; . So
suppose g € Hy , and {g,07 f3p;) = 0, each | € Z. We need to show g € e~ "2 H, .
But

We can check each of these last conditions separately. For the first, recall we assumed
_ . —ika_,—f -8 . _
(9,07 fapr) = 0, ie. <g,ﬁ> = 0. But <g, l:—Ez> = 0 since g € H, and

1 + etka\ —ika _ 1
€ HJ , so we have <g, P > = 0 and hence (g,e™"*Kj3) =0 as {k*Ez }lez are

complete in Kg.

°To see this, observe that K, = Ly © e**H © Hy , s0 e * K, = Ly — 0Hy e ™ H, = Hy ©
—ika ry—
e H, .



We prove the second condition by contradiction. Suppose (e?*?g, Igf) # 0 for
some f € Hy. Then ethag = q +1Igp for some g € H, and some non-zero p € H.

It is easy to see that ¢ = e**%r for some r € Hj; , so rearranging gives Illgp = etkag,
for some s € Hy . Thus s =e Zkang = %p,

S _ p
1 — e—thag—=B 1 — ethkag—B"

But the left side here is in H, , whereas the right side is in H2Jr . Thus p=s =0,
contradicting the fact that p was not identically zero.
3rd component: To see fg(IlgHS ) C NgH,, suppose g € Hy. Then fsllgg =
(e’*a—e=P)g € Hy . And for the reverse inclusion, fﬁ Hpg=Up—T5m € NgH; .
Finally we remark that the {®;} are certainly a Riesz basis of K as they were
obtained from the Riesz basis {¢;} of K by a bounded invertible linear transfor-
mation. |

It is interesting to note here that in fact the functions ®; are Fourier images of
the projections of exponentials e~*1% in Ly(R) onto Lo(0,a).

As explained in the introduction, it will turn out that the operators Wj =
Pgo Pg do not approximate the operator W, = P,0F, well enough for our purposes.
Therefore in the next theorem we introduce the operators Vg which have the same
determinants as the W3. Then in Theorem 7 we show that Wjg is a good enough
approximation to Wj,.

Theorem 5 The operator
Pl = fsFsf5"

is a skew (i.e. nonorthogonal) projection onto K, parallel to the sum of subspaces
ﬁg@Hg + H[;Hi.

For each essentially bounded function o defined on the real awis, the operator Wg =
Pgo Pg is bounded and is similar to the operator Wg = PBaPS acting in the subspace
K,; in particular, Wg and Wy have the same determinants.

Proof: The effect of fg described in Theorem 4 means precisely that PP is zero on
IgoH, + HgH;', and the identity on K,; this is the definition of a skew projection
so the first statement is proved.

Now it is not generally true for infinite-dimensional determinants that

det(PQP™1) = det Q,

but this formula does hold if P maps some Riesz basis of dom @ to a Riesz basis
of dom PQP~!. But we proved in Theorem 4 that [ maps the Riesz basis {¢;} of
K3 to the Riesz basis {®;} of K,. By the definition of Wg we have

Wilk, = f3PsoPafy |k, = fsWal0) f5 ' 1Ka,
so the above remarks tell us that det Wz = det Wj. [ |

Our next task is to estimate the norms of the various operators defined so far.
Define

e = sup (Ilg(k) — (k) = sup (1 — T(k)0(k))
kERr kER
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(It is easy to see these suprema are equal, and in fact that eg < o—

we see that eg — 0 as f — 00.)
We will need the following technical lemma.

In particular,

Lemma 6 (i) The operator norm of PP is estimated by

1
pB < -
1P ler <
(i) The following uniform estimate holds.
V2e
1P = Pallop < 7=
1-— \/§€g

(iii) If p € LooN La, then PypP, is a Hilbert-Schmidt operator with Hilbert-Schmidt
norm not greater than | p||2.

(iv) If p € LooN Lo, then P2 pP? is a Hilbert-Schmidt operator with Hilbert-Schmidt

norm not greater than
.
1= V2es ) P
Proof:

(i) Given f € Ly with ||f|| = 1, write f = PP f +Tl30f_ +1l5f+, where fi € Hy .
Let g =PPf+ f_4+6f.. (gis the result of “straightening” our decomposition
of f to make it an orthogonal decomposition.) Then

If=gll = I(Ts 1) - + (s = 6) £+
(PR VA
< Vaes(I£-IP + 1£:07) "

So
lgll < 1+ v2es (-1 + 1712) """ (recall 7] = D).

2 2 1/2
Also, g2 = [PEFI2 + 112 + 1 £12 s0 (1F=I2 + 171%)" < llgll. Thus
loll < 1+ V3eslgl ie. llgl < b Hence

1
7)5 < < ,
1Pz fIl < llgll < 1= vae
as claimed.

(i) Given f € Lo with ||f|| = 1, write f = Pof + f_ 4+ 0f+, where fi € HY. Set
g=PFP,f+ ﬁ/ﬂf, + 115 fy. (We have “bent” the orthogonal components of f
so that P?g = P,f.) Then

1f =gl

[(T0 = 1) -+ (™ —115) 1+ |
s+ 1£+1)
Vaes(If- 17 + 1£407)"”

IN

IN



Now we can obtain the desired estimate:

I(Pf = PfIl = ||P2(f—9)+Pig— Puf|
= [PI(f—9)l  (since Pig = Puf)
< NP2 lopl £ — gl
1 1/2
= m\@%OV—HQHIﬁHQ)
2
< Y% g

1—\/§Eg

(iii) Taking the Fourier transform of P,pP,, we have an integral operator whose
kernel K is non-zero only on [0, a] x [0,a]. Thus

Wleases = [ [ @ —w)Pdvdy <a [ |kfde < o0,

as p € Lo so k € Ly too. A standard theorem on integral equations now tells
us the operator is Hilbert-Schmidt®.

(iv) Use a similar argument to (iii), together with (i). [ |

The next theorem states that the intermediate operator W is actually close to
W in trace norm.

Theorem 7 Let o be a bounded analytic function in the upper half plane, set p =
o — 1 and suppose p can be expressed as the product of 3 functions, each in the
intersection of the Hardy classes HY, N Hy :

p=pip2ps, pj € HENHF (1)

Then 3
2
8 3 COnst,

‘ Trace = _7
(1)

where the constant depends only on the Ly and Lo morms of the factors p;. In
particular, 735 ,0735 — P,pP, in trace norm as f — oo.

FupPa = PP

Proof: We will need three basic facts about operators.

Fact A. An operator is of trace class if and only if it can be expressed as the
product of two Hilbert-Schmidt operators.

Fact B. The set of Hilbert-Schmidt operators is an ideal in the algebra of bounded
operators. So if A is Hilbert-Schmidt, and B is bounded, then AB and BA are both
Hilbert-Schmidt. Moreover, ||BA|us < ||B|lop|lA||us and similarly for [|AB|us.

Fact C. Fact B holds if we replace Hilbert-Schmidt by trace class throughout.

To get the proof started, we also need the following result, which allows us to
insert P, and P2 in certain places without affecting anything. Let py, p2 be functions
in H;r . Then

Pup1paPy = Pap1PapaPa,  and  PLp1paP? =PI pi P po Pl

6See, for example, Proposition 4.8 of [20] — actually the statement there is that the operator is
compact, but exactly the same proof shows the operator is Hilbert-Schmidt.



To see this, let f € Lo(R). Write poPof = Pu(p2Puf) + 0fy, where fy € Hy .
Then P,p1p2P,f = Pap1Pa(p2f) = Pap1Papaf. The second statement follows from
a similar calculation.

Now we can proceed with the proof of the theorem. Applying the above result
immediately, and then adding and subtracting some terms, we get

PopPa — PlpP;,
= Pup1 PapaPapsPa — P2 p1PLpa Pl psPY
= (P = P) p1PapaPapsPa
+ Pl (Pa - 7’5) p2Pup3 Py
+ PPl py (Pa — 7’5) p3Fa
+ Pl PlpaPlps (Pa—PY)

We can estimate the trace norm of each term separately; we show only the second
term here as an example.

Hpgﬂl (Pa - 735) P2Pap3 Pl trace
= || (nglpg) (Pa - Paﬁ) P2 (Pap?;Pa) ||Trace
——

Hilbert-Schmidt

Hilbert-Schmidt bounded

< |[P2orPl g | (Pa = P2) 2| | 1PapsPullns

HS H
2
1 \/565
R [ — I
= (1 _ \/§€ﬁ> le‘b (1 _ \/QEﬁ) HPQHOOHp?)HQ

The first line here used Lemma 6 (iii) and (iv), together with a slight variant of the
result above for inserting 735 and P,. The second line uses Facts A, B and C, and
the third line follows from Lemma 6 (ii)-(iv).

After estimating the other 3 terms in the same way and summing the results,
we get precisely the formula in the theorem. |

At last we are in a position to prove our main theorem, obtaining a formula for
det W.

Theorem 8 Suppose o is an analytic function in the upper half plane, and o — 1
satisfies the 3-factor condition (1) of the previous theorem. Then

det W, (o) = thgo [k, (2)
lez
where k; = 27l /a + i3/ a.
Proof: We apply our previous results to carry out the plan outlined in the intro-

duction. Note that in the first line we will use the fact that det is continuous with
respect to the trace norm. (This is proved in [11], for example). We have

det Wo(0) = limg_,o det Wp, by Theorem 7
= limg_. det Wp, by Theorem 5
= limg_ [[(evals of Wg), by definition of det
= limg_,oo 1z 0(K1), by Proposition 1
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4 A generalisation

Using perturbation theory, we can extend the approach described above to the case
where the symbol is of the form

o(k)m =t (k),

where ¢ is a bounded analytic function in the upper half plane and 7 is a finite
Blaschke product whose zeroes are in the upper half plane. (Note this means 7! has
poles in the upper half plane.) The corresponding Wiener-Hopf operator on a finite
interval (0,a) is Fourier equivalent to the operator P,om!|k,, and approximated
in trace class by the operator ngng_ng fg 1 which can’t be diagonalized using
the semigroup approach as before. Nevertheless its determinant can be calculated
by the following method.

Denoting Hi ) 7THJ2r by K, and the corresponding orthogonal projection by Py,
we claim that we can rewrite the operator Wz = Pgom 1| Kg as

Wﬁ = (PﬁO‘Pg) <Pﬁﬁ_1pﬁ> |Kﬁ + PBU']T_1P7r|Kﬂ-

To see this, first make sure that the following decomposition of the identity
operator on La(R) is true:

-1
I:Pﬂ,1H2——|—7T PWW+Pﬁ+PH[1H;'
Then we have

Wi = Pgoln 'k,
= PﬁO’{Pﬂ.—lH;‘i_ﬂ'ilPT(ﬂ"i‘Pﬂ‘f’ PH[;H; }7['71‘](5
N——

———
this is zero anything in
—1g + .
on 7 B Mg H, will
be kifled by
Ps

= Pgo{n 'Pim+ P/g}ﬂ'_l‘Kﬁ
= (PﬁUPB) (Pﬁﬂ'_lpﬁ) |KB + Pﬁo‘ﬂ'_lpﬂ-h(ﬁ,

as claimed.

Now det(PgoPg) can be calculated exactly as before, and det(Ps 7~ 1P3) can
be calculated using a parallel theory which exploits the fact that 7! is analytic
in the lower half plane. So the determinant of the first addend in this expression
for W3 can be calculated; we claim the second addend contributes only a finite-
dimensional perturbation. To see this, re-prove Proposition 1 with 7 in place of
IIg. The numbers k; end up being the zeroes of 7, and there are only finitely
many of them! Hence K is finite-dimensional. Therefore, the standard theory of
finite-dimensional perturbations can be used to obtain expressions for det W.
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5 Wiener-Hopf Operators with rational sym-
bols and functional model

The complete spectral theory of Wiener-Hopf operators with rational symbols
was developed in [12]. We suggest here an alternative approach, which can be easily
generalized for matrix symbols and for operators acting in Hardy classes on multi-
connected domains. We do not need any conditions concerning the selfadjointness
of the operators considered. Nevertheless, just to fascilate the formulation of our re-
suts and the comparisson of them with classical ones we consider only Wiener-Hopf
operators whose symbol o are real rational functions

W =W,(o) = PyoP,,

where P, = Pg,, K, = Hf © eikaHQ+ . The asymptotics of the corresponding de-
terminants was calculated first in [1, 6, 2], and later for extended class of symbols
by [10, 11, 8]. Some new fascinating features of asymptotics of determinants were
found in [13].

The first part of our paper was aimed on the revealing connections between the
Nagy-Foias Functional Model and the spectral properties of Wiener-Hopf Operators
with analytic symbols. In this part we develop similar programm for rational sym-
bols. In particular we show, that the spectral analysis of Wiener-Hopf Operators
with the real rational symbol with 2N poles can be reduced to the spectral problem
for 2N x 2N matrix.

Considering the real rational symbol o we assume, that it is represented in form
of a finite sum of reproducing kernels (Cauchy kernels ) with poles at prescribed
complex points and the derivatives of reproducing kernels :
ok)y=1+ Y of Lo _q. (k), Sk; >0

- NCETENCETIT A

l=1m=

It is easy to see, that the corresponding Wiener-Hopf operator P,¢|k, is compact.
Let us denote by ké,n = =23 M;,..—2,-1,1,2,...,2> " M; the roots of the
auxilliary equation ¢(k) = A (counting multiplicity).

Theorem 9 The eigenvalues of the Wiener-Hopf operator in the coinvariant sub-
space K, = H> © 0,H?, 0,(k) = et coincide with the zeroes of the determinant of
a finite square matrix :

ar” at i
£ —ky)m (kp—k)™

kA

na

det

Proof is based on the following statement , which is well known for m =0 [7],
and obviously true for m >1

Proposition The following representations are true for the resolvents of the
generators of compressions shifts and adjoint shifts semigroups onto the coinvariant
subspace K, = H? & e**H?2:

1 —
Y el UL(.) B S o
k—p k—p
1 —0[p
Pty = 00D o o uek,
k—p k—p



The similar statement is true for the derivatives order m, m > 0 of the resolvent in
respect to the spectral parameter :

1 1 d™ u — u(p)
P, u= , Sp>0,u€e K,
(k=p)™ (m—=1ldp™ k—p
1 1 d™ u — 0[0u(p)]

P, = , Sp<0,u€ K,
“G—pm" (m-Dldpm k—p =~ LS HETe

The first two formulas give the analytic continuation of the resolvent of the shifts
generators on the “ nonphysical sheet”, which is just one of halfplanes Ay. In
a way these formulas realise the connection between the elementary Wiener-Hopf
Operators and the functional model. One can see, that each eigenfunction u of the
Wiener-Hopf operator P,¢|x, fulfills the corresponding homogeneous equation:

[p(k) — Nu(k) =
L d™ u(p) 1 o d™ [0u(p)]
zzgn::o (m— 1)!al dpmk —p — + (m — 1)!9(k)al dp™ k—p p=ki

which implies

W e
I1=1,m=0 (m—DU" dp™ ki —p p=k["

1 i d™ [Ou(p)] _
(m — 1)!9(k)al dpm k—p =0

p=k"

for any k = k%){ Hence the zeroes of the right and left sides coincide counting

— 0

T = u, as a new

=
L. oph .=k :
unknowns, we get the condition of existence of the solution in the determinant

form:

multiplicity. Considering %u(p) and %éu(p)

m 0(l€)‘")0_é}n dr [6u(p)]

m m _d” 1
[t/ s rl(m—r)! dp” kM —p

det r!(m—r).a dp” kK n—p

p:]{;l p:k;lm‘

On the other hand one can check that the functions constructed on the base of
new unknown found as solutions of the corresponding homogeneous linear system
coincide with the eigenfunctions of the original Wiener-hopf operator with A equal
to the corresponding eigenvalue. |

The asymptotic behaviour of the determinant for small A® is described by quasy-

d
polinomial in A%, exp>®. The asimptotics of zeroes of these quasypolinomials for
small A can be derived with using some construction involving Newton poligones
([14, 19)).

6 An example
Consider the symbol
_ 4k(K? - 1)

o(k) = CE = sin4 arctank.
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Denoting the main branch of the function arcsin % by ¢(\) , we can parametrize
the roots kg, koo, k1, k—1 of the equation

_Ak(K*-1)
o(k) = NCES A.

approaching 0, 0o, 1, —1 respectively when A — 0 the following way

ko(A) = tan <P(4)\) ,
1
kOO()‘) hy
tan ‘051 )
1 — tan 2
B(\) = an 4)\
1+ tan £
—1
=0

Then the eigenvalues of the Wiener-Hopf operator coincide with the zeroes of the
determinant of the following matrix

1 1 1 eiako 1 6iak‘0
(ko—1)2 (ko—1) (ko+1)2 (ko+1)
k(2) —ko kg _iki ko _iki
(T iko)2 (IFiko) (ko2 ¢ —T+ik) ¢
(14ko)? (14ko) (14ko)2 ia TR (1+ko) ia 10
(—)—ko(IHF)P [Tk [TF)-k(I—DFC  °  [F)-k(I-D¢  °
(1—ko)? (=1+ko) (1-ko)®  —iaye  (“1tkg)  —iay
(T tko(I—0 [T+ +ko(1—0)] [A—)Tko(IF2 () +ho(117)]

By direct calculation with “Mathematica” we find the determinant is equal to:
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diak diak
(4+41i) e —1+k2 (—14k)% k (14k) i (4—4i) e —1+k2 (—14k)% k2 (1+k)

(—i+k)® (—it+k)8 +
ia(1+k2) ia(1+k2)
8e —1+k  (—1+k)k?(1+k) |, 8e 1+k  (=1+k) k2 (1+k) +
(1—i k)3 (—i+k)3 (1—i k)3 (—i+k)3
ia(—1+k2) ia(—1+%2
(4—4i)e” F  (=14+k)*k(1+kK) FINCEEE) L - (—14k)% k2 (1+k) 4
(i+k)° (i+k)°
ia(1+k2 —ia(1+k2)
(4+4i)e” TFF  (=14k)* Kk (1+k) + (4—4i)e F+R2 (—14K)2 K2 (1+K) 4
(—it+k)? (i+k)? (—itk)? (i+k)*
m(1+k2) 7ia(1+k2)
8e —htk2  (—14k)k2 (14k) +86W (—1+k) k2 (1+k) I
(1+i k)® (i+k)3 (1+i k)® (i+k)>
ia(1+k2) o (14k2
(4—4i)e —F+K2 (—14k)? Kk (1+k) 4 (4+4i)e” —TFF  (=14k)2 K2 (1+K) 4
(—it+k)* (i+k)? (—i+k)* (i+k)?
diak 4diak
(—4+44) e —1+k2 (—1+k) k (1+k)? i (4+47) e —14+k% (— 1+1<;) k2 (14k)? 4
(—i+k)® (—it+k)®
ia(—1+k2) ia(—1+k2
(4+4i)e” F  (1—k) k(1+k)? G ) Fo— — (—14k) k2 (1+K)? I
(i+k)° (i+k)8
ia(1+k%) ia(1+k?)
(—Atdi)e” “TFF _ (“14k)k(14+k)® | (d+di)e —FHE2 (- 1+k)k2(1+k)2
(—it+k)? (i+k)? (—it+k)? (i+k)?
_”(1‘*"“2) ia (1482
(4+4i)e  KHRZ2 (1—K) k (14k)? I (4—4di)e” TFF  (—14+k) k% (1+k)>
(—i+k)? (i+k)? (—itk)?* (i+k)?
ia(1+k2) ia(1+k2
4ie” —TFF (= 1+k) k(1+k)* 4 die” IFF (=14k)?E(+k)?
(1+k2)3 (1+k2)3
ia(1+lc2) 7iu.(1+k2)
die —k+k?  (—14k)% k (14k)? | die k+k2  (—14k)2 k (14k)?

(1+k2)? (1+k2)

Letting e(b) stand for e*®® and rearranging the terms this becomes

4 (—2 e(—=1/k) e(k) — e(=1/k) e(13%) — e(k) e(75) — e(=1/k) e(F
1

(k) e(Sth) — 20(1k) (1)) &

1+k
4 (—16ie(—1/k)e(k) e(—1/k)e(15%) + de(k) e(15%) + de(—1/k) e( L

1
—de(k) e( L) + 1617 (k) e( L) ) &2
1

T+F)

4 (586(—1/k)e(k)—36( 1/k)e(155) — 3e(k) e(155) — 3e(—3) e( )

1

—3e(k) e(_lffk) + 58 e(k—k) e( Ltk

+4 (1280 e(—4) e(k) — 1287 e(355) e( L)) K

4 (=196 e(~ 1) e(k) = 2e(~1/k) e(155) — 2¢

(k) e(s
2e(=1/k) e( L) — 2e(k) e(Lthy) — 196 e(15) e( L) ) K9

+0(k9)
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This function is approximated by quasypolinomial in e(%), k;k — 0. The zeroes
of it have a regular asymptotics defined by the corresponding Newton poligon( see
[14, 15]).

7 Conclusion. Wiener-Hopf Operator on a
multiconnected domain

The approach described here for Wiener-Hopf Operator with rational sumbols on
the line works for Wiener-Hopf Operators on any coinvariant subspace of the shift
group in the unit disc , and even for coinvariant subspaces of the shift group on
hyperelliptic Riemann Surface of finite genus.

Consider the invariant subspace of the multiplication by the analytic function
on a multiconnected domain € (the first sheet of the corresponding hyperellip-
tic Riemann Surface ). According to results of [16] the invariant subspaces are
parametrized by character-automorphic inner functions S,,- the generating function
for the invariant subspace:

Dy =5,H?,.

The version of Harmonic Analysis on the multiconnected domain was developed
in [17]. In particular the explicite formulas for the resolvents of shift’s generators
are found in [17]. Hence the representations for the Wiener - Hopf operators with
simbols rational in respect to the shift genetators can be deduced in this case as
well with using of results [18] describing the analytic continuation of the resolvent of
the multiplication operator zx onto “nonphysical sheet” .This fact permitts to write
down the compression of the multiplication operator of any rational function as a
linear combination of resolvents of shifts and adjoints operators restricted onto the
corresponding coinvariant subspace. This permitts to use the approach described
above in this case as well.
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